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Introduction

Most work In the area of subdivision schemes has considered binary
schemes with an even number of control points. Following a similar
argument to that used in [2], we decided to investigate schemes with an
odd number of control points, specifically 3-point schemes. This led to
a more general investigation of ternary subdivision schemes. Ternary
univariate schemes are important for Kobbelf’s-scheme [7] at the
boundary (see Figure 7).

For symmetry reasons, it Is obvious that an interpolating binary subdi-
vision scheme which utilizes the closégpoints, fork odd, reduces to

a scheme which utilizes just the closést 1 points,k — 1 even. There

IS thus no 3-point interpolating binary subdivision scheme. Ternary
subdivision, on the other hand, does allow for an interpolating 3-point
subdivision scheme. A family of such schemes is shown to exist and
haveC' continuity. Further investigation led to discovery of a fam-
ily of interpolating 4-point ternary subdivision schemes which have
continuity [6].

Figure 1: Ternary (top) and binary (bottom) subdivision. A polygon
P' = (p’) (solid lines) is mapped to a refined polygsh = (p’™)
(dashed lines). These examples show interpolatory schemesi.

Investigation of approximating 3-point schemes has led to two Inter-
esting subdivision schemes. An approximating 3-point ternary scheme
has been found and can be shown to h@vesontinuity. An approx-
Imating 3-point binary scheme, which uses corner-cutting similar in
spirit to the 2-point schemgl, 3,3, 1|, was derived and can shown to

haveC” continuity. . . . . .
We have investigated these schemes using the generating function for-

malism, which lends itself well to deriving sufficient conditions for

Ternary Interpolating subdivision schemes to l6¢. For binary schemes the subdivision step
SchemeHighest continuity Mask () can be compactly written in a single equation
2-point CY :1,2,3,2,1] i+1 i
] . p— oY o
3-point C! 0,0,b,1—a—b,1,1—a—b,b,0,a] P = 2 0k
: 2
4-point ¢ a3, a0, 0, az, ay, 1, ay, as, 0, a, ay and similarly for ternary schemes
Ternary Approximating | |
3-point C? L[1,4,10,16,19, 16, 10, 4, 1] Pt =3 o j)p)
ke
where . . .
wherea = («;) is the mask of the scheme apdare the set of points
a=b _3 after thei'" subdivision step (see Figure 1). The principal results for
) the ternary schemes are tabulated in Figure 2 and compared with those
L1 . o
4 = =75~ ¢H for binary schemes tabulated in Figure 3.
0 = _3 4 lﬂ The results for the 2-point interpolating schemes are trivial. [6] shows
B the derivation of the ternary 4-point interpolating scheme. [4] derives
= 7g ~ 5k the results for the binary 4-point interpolating scheme and [9] derives
L1 the results for the binary 6-point interpolating scheme. Chaikin first
=79 g proposed the binary 2-point approximating scheme in [1], which was
shown to produce the quadratic B-spline at the limit [8] and it can
and be shown that the ternary 3-point approximating scheme produces the
cubic B-spline at the limit and that the binary 3-point approximatin
2 3 _ | d
9 <b< 9 scheme produces the quartic B-spline.
1 - 1
0 ~H 15
Figure 2: Table showing results for ternary schemes. The new Binary Interpolating
schemes are ired SchemeHighest continuity Mask(x)
2-point CY 21,2, 1]
4-point C! +[—1,0,9,16,9,0, —1]
UNIVERSITY OF 6-point C? [9,0,—39—1—16,0,29+%,1,29+%,0,—39—1—16,0,6’]
CCOII\?\PLIJ\QEF@J}BLDQAT%RE | Binary Approximating
2-point C! 11,3, 3,1]
3-point C3 =[1,5,10,10,5,1]

wherel < 6 < 0.02.

Figure 3: Table showing results for binary schemes. The new scheme
IS Inred
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Sufficient conditions for binary schemes Sufficient conditions for ternary schemes

The subdivision step for ternary schemes can be expressed in the gener-
ating function formalism as a multiplication of the corresponding sym-

From the method of Dyn [3], after some computation we, see that the
subdivision step for binary schemes can be expressed in the generat-

Ing function formalism as a simple multiplication of the corresponding bols:
symbols: P (2) = a(2)P'(z°), (7)
PH(2) = a(z)P'(2?), (1) where
where Pl(z) = Zp;zj, alz) = a;2. (8)
(2) J J

P'(z) = Zpé-zj, alz) = ;2.

J J For any given ternary subdivision schensewith a maska satisfying
(9), we can proves>~P" € C* by first deriving the mask ofS;,; and
then computing|(;Si+1)'[|~ fori = 1,2,3,... L, whereL is the first
integer for which||(:5;.41)"||« < 1. If such anL exists and the mask
of S, satisfies (9¥! < k thenS>*P" € C*. The proof is given in [6].

For any given binary subdivision schente,with a maskx satisfying
(3), we can prove&s> P’ € C* by first deriving the mask ofS;.., and
then computing|(3Si+1)'||~ for i = 1,2,3,... L, whereL is the first
integer for which||(35;.41)"||~ < 1. If such anL exists and the mask
of S; satisfies (3¥] < k thenS*P" € C*. The proof is given in [3].

> ag;=1,> ag =13 asgjo=1 (9)
Zzozzj =1, Zzozgjﬂ =1 (3) jEZ jez jez
je je
1 1 k+1) (k+1) (k+1)
1 1 k+1 k+1 -5 = —max alt , Qa1 |, QU 10
§S/<+1 N = émax (]%:Z ozéf) a]%:z OzgjL)) (4) 3t o 93 (]%:Z 57 ]%:Z AR ]%:Z 33“‘ (10)
where where

22[a®(2)] = [a®V(2)](1 + 2) (5) 32%[aW(2)] = [V (2)](1+ 2 + 2° (11)
20l = oD 4 g (6) = 30, =+ o (12)
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Figure 7:1/3-scheme after 1 refinement (left) and two refinements
(right). The boundary after two refinements Is ternary.

Conclusions

More detalls, including the proofs for the smoothness of our results can
be seen In [5]. These results show that we achieve higher smoothness
and smaller support by going from binary to ternary schemes. More
work needs to be done to find out whether this trend continues for
higher arities.

Figure 4:C' interpolating schemes.
Ternary 3-point withh = 5/18 (red)
and binary 4-point (blue).

Figure 5:C” interpolating schemes.
Ternary 4-point withy = 4/45 (red)
and binary 6-point witly = 0.01
(blue).
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